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INTRODUCTION

The evaluation of the mechauical properties of fiber-reinforced composite materials has
traditionally been a subject of siguiticent practical importance. Many analytical and numeri-
cal studies have been performed on the prediction of composite mechanical pmpa:rtics.1
In particular, approximate closed form expressions for composite elastic constants were
given by Whitney and Rih‘:y2 based upon a strain energy balance approach and classical
ciasticity theory, while bounds aud expressions for the effective elastic moduli were given
by Hashin and Rosen® based upon a variational method. Furthermore, a set of simplified
micromechanics equations (SME) to predict the hydro, thermal, and mechanical properties
of composites have been developed by Chamis* based upon a mechanics of materials ap-
proach. Nume:ical approaches include finite diffcrence methods by Tsai, et al.” and
Adams and Doner® which were used to predict composite elastic moduli values. Finite ele-
ment analys’s methods have also been utilized to describe the micromechanical behavior of
composites. Adams and Crane’ employed a generalized plane strain finite element formula-
tion in conjunction with a laminated plate point stress analysis to predict the stress-strain
response of composite laminates. Zhang and Evans® used an axisymmetric finite element
approach and an energy equivalence principle to determine the mechanical properties of a
composite with anisotropic constituents. In the present study, two-dimensional finite ele-
ment analysis (FEA) meihods are used to predict the mechanical properties of linear elas-
tic composites with isotropic constituents. The assumptions and restrictions that have to
be imposed under this type of anmalysis are presented and discussed. Numerical results are
also presented and compared to those obtained from the SME by Chamis* and experimen-
tal results given by Adams.®

FORMULATION OF THE BOUNDARY VALUE PROBLEM

The composite system considered in the analysis is shown in Figure 1. It is assumed
that the system can be represented by an infinite and p.-iodic square array of unidirection-
ally oriented fibers with a relatively long axial dimension and of equal radius, r. The
assumption of periodicity allows for the isolation of a repeating volume element cell out-
lined in Figure 1 and shown in Figure 2a for analysis. There are no displacements al-
lowed across the boundaries of the repeating cell and displacements are testricted to those
that cause the boundaries to displace parallel to the original boundaries. Also, due to
symmetry about the y and z axes only one quadrant of the repeating cell, the unit cell in

L. CHAMIS, C. C, and SENDECKY]J, G. P. Critique on Theories Predicting Thermoelastic Properties of Fibrous Composites. J. of Composite
Materials, v. 2, 1968, p. 332-358.

WHITNEY, 1. M., and RILEY, M. B. Elastic Properties of Fiber Reinforced Composite Maserials. AlAA Journal, v. 4, 1966, p. 1537-1542.
. HASHIN, Z., and ROSEN, B. W. The Elastic Moduli of Fiber-Reinfcreed Composite Maserials. ). of Applied Mcchanics, v. 31, 1964, p. 223-232

. CHAMIS, C. C. Simplified Compasise Micromechanics Equations for Hygral, Thermal, and Mechanical Properties. NASA Report TM-83320,
National Acronautics and Space Administration, Washington, DC, 1983.

. TSAL §. W, ADAMS, D. F, and DONER, D. R, Effect of Constituens Maserial Properties on the Strength of Fiber-Reinforced Composite Ma-
terials. AFML-TR-86-190, U.S. Air Force Materials Laboratoty Technical Report, 1966.

6. A!Z;?;ﬂss,‘D. F., and DONER, D. R. Transverse Normal Loading of @ Unidirectional Compasite. 1. of Composite Materials, v. 1, 1967,
p. 152-164.

7. ADAMS, D. F,, aid CRANE, D. A. Finite Elemert Micromechanical Analysis of a Unidirectional Compasite Including Longiudinal Shear
Loading. Computers and Structures, v. 18, 1984, p. 1153-1165.

8. ZHANG, W. C., and EVANS, K E. Numerical Predicion of the Mechanical Proparties of Anisotropic Composise Maserials. Computers and
Structurcs, v. 29, 1988, p. 413422,

9. ADAMS, D. F. Test Mahods for Composie Maevials. Seminar Notes, U. S. Army Materiak Technology Laboratory, 1988.
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Figure 2b, need be considered in the analysis to describe the behavior of the repeating
cell and, thus, completely characterize the state of stress and strain of the entire contin-
vum. Two-dimensional finite elemert analysis is the method employed in this study to
numerically solve the problem under consideration. Two separate finite element mod-
eis, each employing two-dimensional piane clements, are created and used in the analy- .
sis. Under axial loading conditions axial symmetry is assumed for the composite and an
axisymmetric problem is formulated in the i-z plane. When transverse loading of the com-

posite is considered, plane strain conditions are assumed, and a plane strain model in the .
2-3 plane is employed in the analysis. Trpicil axisymmetric and plane strain finite element

models are shown in Figures 3a and 3b, resp:ctively.

CRONOE
O[Gen
O O Q-

Figure 1. Square packing array unidirectional composite.
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Boundary Conditions and Loading

The appropriate boundary conditions along the external boundaries of the cell, as shown
in Figures 3a and 3b respectively for each problem, can be expressed as follows:

Axisymmetric:
a z=0, ref0l} =0 (n
at r=0, ze[0l} =0 2
a z=1, ref0l} =4, (3)
ar r=1, zef0l} w=-—d, (4)

Plane strain:

at =0, ye{(),l]; uy =0 )
at  y=10, ze[(),l]; =0 (6)
a z=1, ye[0l} %=0 7
a  z=1, ye[0i}  wy=-Dy ®
at  y=1, z€[0.l} =D, %)
Plane strain condition; u =0 (10)

where uj, uz, and u3z are the displaccinent components in the 1, 2, and 3 directions, as de-
fined in Figure 2, d; and D, are the maynitudes of the prescribed displacements and dy and
D3 are the magnitudes of the unknown displacements. Furthermore, continuity of tractions
and displacements is assumed across the fiber matrix interface.

It is assumed that the composite is subjected to uniform normal loads applied at a dis-
tance from the volume element employed in the analysis; e.g., the remote stress field g,
shown in Figure 1. When such loads are considered, a complex nonuniform state of stress is
induced at the boundary of the unit cell due to dissimilar material properties of the fiber and
matrix phases. However, becausc of symmetry, the boundaries of the unit cell must displace
uniformly under unifoim normal loads away from the cell boundaries. Therefore, specified uni-
form boundary displacements in the appropriate direction can be used to simulate the loading
conditions for the problem. Sucl: an approach applies the correct boundary conditions, makes
the application of loads easier, and accounts for the nonuniform stress state at the boundary.
For the preseni analysis boih models ate loaded using uniform prescribed boundary dispiace-
ments, as shown in Figures 3a and 3b.




M STy R r e et - - o= Y andd -
Erttmars s aami s ah s me s s e e o s e v s T = W e -

The relation beiween the traction components Tj at tie externat boundutics-of -the—onit
cell where prescrived displacements are applied and the farficld average stress components 3,
can be obtained from equilibrium considerations in the appropriate direction and can be ex-
press as:

[ nas=s3, (11) .

where S is the cross-sectional area of the external boundary.

Assumptions of Anaslysis

In the present analysis an Sz-giass/epoxy system is consrdcred. The elastic coanstant values
for each distinct phase of the composite are listed in Table 1.7 Some of the modeling and
analysis assumptions are as follows:

Isotropic matrix and fiber

Composite is transversely isotropic

Linear clastic behavior

Continuous reinforcement with perfectly circular fibers of equal radius
No voids in either the fiber or the matrix

Perfect fiber/matrix interface

Tabie 1. TYPICAL S2-GLASS FIBER AND EPOXY

MATRIX PROPERTY VALUES
Propexty S2-Giass Epoxy
Tensiio Modulus (MSH) 12.00 o6
Pomaon's Ratio 0.2 0.34
Shear Moduius (MS1) 5.00 0.23

In addition, effective stiffness nroperties of the composite are defined as an average
measure of the stiffness of the material taking into account the properties of all phases of
the heterogencous media and their interactions. Based upon this definition, an averaging
procedure is employed whereby the reaction forces, at the appropriate boundaries of the unit
celi. along with Equation 11 are used to predict cffective properties of the composite. The
finite element analysis is used to determine the displacement fields and reaction forces for
the composite.
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Conatitutive Equations

The square packing array composite with linearly elastic components employed in the anal-
. : . . 10 . . .
ysis can be considered transversely isotropic.”” The stress-strain relations for the compaosite
and its components can be written .as:

0, =C; ¢ (122)
£=5;0; (12b)

where o; are the stress components, ¢; are the strain components, and G and Sy are the stiff-
ness and compliance matrices, respectively. For transverse isotropy where the 2-3 plane is the
plane of isotropy the normal components of Equation 12b can be written as:

£ =8,,0,+58,0,+58,;0,

€, =530, +5,0;+5;05 (13a)

£3=8;;0,+530, +5,0,

where in terms of the elastic constants

l v 4 l
S == A =-...._'.2.; Sy = —edd : S, =—
il Et 12 E‘ 3 Ez 2 Ez

and directions 1, 2, and 3 refer to the Cartesian coordinate system shown in Figure 2.
When cylindrical coordinates are considered, Equation 13a can be written as:

£,=8,,0,+5,;0,+5,0
€, =8,0,+5,0, +355,0,

13b
£g=s‘zcz+5236,+32269 ( )

where directions 2z, r, and 8 refer to the cylindrical coordinate system shown again in Figure 2.

10. LEKHNITSKIL S. G. Theory of Elasticity of an Anisotropic Elastic Body. Holden-Day, Saa Francisco, CA, 1963.
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The finite element analysis method is employed to solve the abtove formulated boundary
value problem. Small displacements and linear elasiic behavior are assumed throughout the so-
lution. Two models cach using two-dimensional solid elements were developed and used to

carry out the analysis and cobtain all required results. Details of these models and how they
are used to extract the necessary information are outlined below.

Axisymmetric Modei

The axisymmetric model is used to determine the behavior of the composite when
loaded in the direction of the reinforcement. The assumption of axial symmetry has been
shown to be valid when considering a unidirectional composite under axial loading;!! and
the filament packing array assumed when considering such a problem has little effect on
the predicted property values.™"“ Therefore, even though the axisymmetric formulation
models a concentric cylindrical geometry of the matrix/fiber system as the repeating volume
element, the predicted property values associated with axial loading of the composite
should not be significantly affected by the axial symmetry assumption. Furthermore, the
computational and modeling advantages of axial symmetry are considerable. To determine
the displacement field and reaction forces for the composite under axial loading, a uniform
normal displacement is applied at the z = 1 boundary in the axial, 2, direction, as shown
in Figure 3a. Note that at the radial boundary; i.e., at r = 1, the radial stress, oy, vaa-
ishes while the hoop stress, oy, has a finite value. Substituting for the elastic constants
and observing the coaditions at the boundaries of the unit cell, the constitutive Equations
of 13b reduce to

£ =€, = l o, -2 o
158, =20, =—=0y
E, 1
Via vy (19)
El =€f -'—-'——-O'z"'—" oa
E, E,
Eyz=gy=-—20, + Lo
TR YTV
E ¢ E

where vq; refers to the major Poisson’s ratio of the composite when loaded in the axial direc-
tion and is defined as

1. BLOGOWM, J. M., and WILSON, H. B., JR. Axial Loading of a Unidivectional Composise. J. of Compasite Materials, v. 1, 1967, p. 268-277.

") ADAMS, D. F,, and TSAL S. W. The Influence of Random Filamer: Packing o the Transverse Stiffness Unidirectional Composites, 1,
Composite Materials, v. 3, 1969, p. 368-381. of 3ot




V=T (15)

Plane Strain Model

The plane strain model is used to determine the response of the composite under trans-
verse normal joading. A uniform normai displacement is applied at the y = 1 boundary and
in the transverse, 2, direction, as shown in Figure 3b. Consequently, a nonuniform displace-
ment field is induced at the z = 1 free boundary of the unit cell, which cuntradicts bound-
ary condition number 7 set in the Assumptions of Analysis Section. To e'iminate this
problem and -c:ify boundary condition 7, which traditionally has been imposed when similar
problems are solved,””’ a muiticell approach is employed. The multicell approach utilizes
multiple unit cells stacked in the z direction, while a uniform displacement load is still main-
tained at the y = 1 bovndary, as shown in Figure 4. A convergence study is performed to
determine the number uf cells needed for the z bouadary of the first cell in the stack;

i.e., the cell boundary at z = 1, to displace uniformly and, thus, comply with boundary
condition 7. Typical results of this study are showa in Figures 5 and 6. It is apparent from
these plots that ‘%.¢ solution converges rapidly and it takes only four cells for the boundary
at z = 1 to displace uniformly. Note that for the multicell configuration and from equilib-
rium consiar.si:yns in the z direction, the average stress component o3 (z) = 0 since there is
no appd-  weo in *hat direction. Substituting for the elastic constants and observing the
cenditiors st ...¢ boundaries of the bottom unit cell in the multicell stack, the constitutive
Equations of 13a reduce t. the following:

El— O'l“'-—-a' -
El E!
Vi _Ll
G-I
N 2 (16)
12 vV
fe-tigtny,
1 .
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Figure 4. Muitiple cell model.
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11




DS S P R L IR AW SN i g T fay W £ N T R AR SRL B

RESULTS OF THE ANALYS® - .

The numerical results obtained from the finite element analysis provide a direct
method for calculating the effective longitudinal and transverse properties of the S2-
glass/epoxy composite system under consideration. The numerical procedures followed to
obtain the effective properties are reviewed in the Axisymmetrical Case and Plane Strain
Case Sections below. Numerical results obtained from this analysis are compared to re-
sults obtained from analytically developed micromechanical equations” and the experimental
results of Reference 9. All pertinent results obtained and comparisons are shown in
Table 2 and Figures 7 through 10.

Tabie 2. GOMPOSITE MATERIAL PROPERTIES

% Fiber Eun Exz

Method Vol, (N) MSI MSI Viz Va3
MMA 0 0.62 0.620 0.340 0.348
FEA 0 0.62 0815 0.340 0.337
MMA 10 1.76 088 0.328 0.344
FEA 10 1.76 0.77 0.325 0.426
MMA 5 3.46 1.18 0.310 0.340
FEA 25 3.486 1.04 0.304 0.412
MMA 50 6.31 1.88 0.280 0.330
FEA 50 6.33 1.92 02712 0.306
MMA 60 7.45 234 0.268 0.325
FEA 60 T.44 - 255 0.261 0.255
EXP 60 7.50 1.75 0.280 -
MMA 65 8.02 2863 0.262 0.322
FEA 65 8.01 3.03 0.255 0.230
MMA 100 120 120 0.22 0.200
FEA 100 12.0 1.9 022 0.218

NOTE: MMA = Machanicsl of Materials Approach; FEA = Finite Element Analysis;
EXP = Experimental Data.

12
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Axisymmetric Case

Under the condition of axial loading the effective longitudinal modulus, E p and Poisson’s
ratio, V,,, of the composite are obtained in the following manner:

A uniform displacement, di, is applied along the z = 1 boundary of the ax-
isymmetric model and the solution of the finite element problem yields the un-
known uniform displacement, dj, along the r = 1 boundary. The average
strains in the 1 and 2 directions car then be obtained from

- - _d,

£ =g, = amn
Zlgm

£, =§, =4 (18)
r r=|

By employing Equation 11 the finite clement solution also yields the average stress component
g, ; the average hoop stress 3, at the radial boundary is a result of the finite element solution as
well.  Using Equations 14 and 15 and substituting for the average quantities obtained from the -
nite element solution, the effective elastic constants V;;and E , are given by

Vip =

(19)

ot | ot

E = 5 (T, ~V1254) (20)
i

Plane Strain Case

Under the condition of transverse loading, the effective transverse modulus, E and
Poisson’s ratic, V,; are obtained in the following manner:

A uniform displacement, D, is applied along the y = 1 boundary and the solu-
tion of the finite element problem yields the unknown uniform displacement,
D3 along the z = 1 boundary. It should be noted that only ithe first unit cell
in the stack of the multicell problem is used to obtain numerical results for
the plane strain case. The average strain in the Z and 3 directions can then
be obtained from

15



g = ..%{ a .
=]

By employing Equation 11 the finite element solution yields the average stress coinponent
d,. Using Equation 16 and substituting for the average quantitics obtained from the finite
element solution, the effective elastic constants Ezand vy, are given by

- - 21!
E =| &, () (23)
g, E '
52}
2
CONCLUSIONS

In this study, the finite element method was used to predict the effective elastic
properties of an S2-glass/epoxy transversely isotropic composite. Circular fibers in a square
packing array and linecar clastic behavior for the fiber and matrix phases was assumed in
the formulation of the boundary value problem. Axisymmetric and plane strain finite ele-
ment models of the problem under consideration were used simultaneously to - btain the
elastic constants of the composite. Numerical results obtained from the linite element solu-
tion were compared with results obtained using classical micromechanics equations,” as well
as with experimentally obtained results at 60% fiber volume.” It was found that values ob-
tained for the longitudinal modulus E_, were in very good agreement with both theoretical
and experimental results, while values ‘f or the rest of the elastic constants did not compare
very well. Numerical values of the effective transverse modulus, E_, were found to be
greater than both analytical and experimental values, particularly atzhlgher fiber volumes.
This can be attributed primarily to the assumptions made in the analysis and the two-dimen-
sional fcrmulation of the finite element problem. The plane strain assumption seems to re-
sult in a transversely stiffer composite system. It also produces erroneous results for the
effective in-plane Poisson’s ratio, V,;. Furthermore, in utilizing two-dimensional finite ele-
ment anaiysis iwo problems liad to be solved (o cobtain all of the constants. However, the
geometry employed in the two finite element problems is not the same. The axisymmetric
problem solves the composite cylinder assemblage problem, which has been traditionally

16




employed to obtain approximate closed form solutions for the composite elastic constants,
while the plane strain problem solves a single fiber system within a square boundary. This dif-
ference in geometric constraints at the boundaries might have affected the behavior of the
composite system, thus introducing errors in the cailculation of the elastic constants. The
muiticell plane strain problem successfully applied the correct condition at the cell bound-
ary at z = 1. Figures 11 through 14 show how the model behaves and how the z bound-
ary displaces as the number of unit cells increases from one to four.
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In conclusion, it seems that the approach employed to modei the micromechanical re-
sponse of organic composite materials in this analysis is inadequate. A full three-di-
mensional finite ciement analysis study must be undertaken to relax some of the
constrainis and iimitations imposed by the iwo-dimensional {ormulation. It should zalso be
noted that assumptions made in the analysis, such as the fiber packing array and interface
properties, must be reviewed and assessed.
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